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bstract
Let X  be a real or complex Banach space, let L(X) be the algebra of all bounded linear operators of X  and let
(X) ⊆  L(X) be a standard operator algebra. Suppose there exists a linear mapping T  : A(X) →  L(X) satisfying the relation
(An) = T(A)An−1 −  AT(An−2)A  −  An−1T(A) for all A  ∈  A(X), where n  > 2 is some fixed integer. Then T  is of the form: (i)T(A) = 0
or all A  ∈  F(X) and (ii) T(A) = BA, for all A  ∈  A(X) and some B  ∈  L(X). 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
Throughout, R  will represent an associative ring with
enter Z(R). As usual we write [x, y] for xy  −  yx. Given
n integer n ≥  2, a ring R  is said to be n-torsion free if
or x ∈  R, nx  = 0 implies x  = 0. Recall that a ring R  is
rime if for a, b ∈  R, aRb  = (0) implies a  = 0 or b  = 0
nd is semiprime in case aRa  = (0) implies a  = 0. We
enote by QS(R) the symmetric Martindale ring of a
emiprime ring R  (see [1]). Let A  be an algebra over
he real and complex field and let B  be a subalgebra
f A. A linear mapping D  : B  →  A  is called a linearPlease cite this article in press as: N.u. Rehman, T. Bano. Identity r
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C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).derivation in case D(xy) = D(x)y  + xD(y) holds for
all pairs x, y ∈ B. In case we have a ring R,
an additive mapping D  : R  →  R is called a deriva-
tion if D(xy) = D(x)y  + xD(y) holds for all pairs x,
y ∈ R and is called the Jordan derivation in case
D(x2) = D(x)x  + xD(x) is fulfilled for all x ∈  R. A deriva-
tion D  is inner in case there exists such a  ∈  R
that D(x) = [x, a] holds for all x ∈  R. A mapping
T(x) = ax  + xb, where a  and b are fixed elements of a
ring, is sometimes called a generalized derivation. We
follow Hvala [2] and call such mappings generalized
inner derivations, as they present a generalization of the
concept of inner derivation. In the theory of operator
algebras, they are considered as an important class of so-
called elementary operators i.e., mappings of the form
x →∑ni=1aixbi. We refer the reader to [3] for a good
account of the theory of elementary operators. A map-elated to additive mappings on standard operator algebras, J.
.015
behalf of Taibah University. This is an open access article under the
ping T(x) = ax  + xa, where a  is a fixed element of a ring,
will be called symmetric generalized inner derivation.
An additive mapping T  : R  →  R  is called a left central-
izer in case T(xy) = T(x)y  holds for all pairs x, y ∈  R. The
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concept appears naturally in C* algebras. In ring theory it
is more common to work with module homomorphisms.
Ring theorists would write that T  : RR →  RR is a homo-
morphism of a ring module R  into itself. For a semiprime
ring R  all such homomorphisms are of the form T(x) = qx
for all x  ∈  R, where q  is an element of Martindale right
ring of quotients Qr (see Chapter 2 in [1]). In case R
has the identity element T  : R  →  R  is a left centralizer if
T is of the form T(x) = ax  for all x  ∈  R  and some fixed
element a ∈  R. An additive mapping T  : R  →  R  is called
a left Jordan centralizer in case T(x2) = T(x)x  holds for
all x  ∈  R. The definition of right centralizer and right
Jordan centralizer should be self-explanatory. Following
ideas from [4] Zalar [5] has proved that any left (right)
Jordan centralizer on a 2-torsion free semiprime ring
is a left (right) centralizer. Molnar [6] has proved that
in case we have an additive mapping T  : A  →  A, where
A is a semisimple H*-algebra, satisfying the relation
T(x3) = T(x)x2 (T(x3) = x2T(x)) for all x ∈  A, then T  is a
left (right) centralizer. Vukman [7] has proved that in case
we have an additive mapping T, which maps a 2-torsion
free semiprime ring into itself, satisfying the relation
2T(x2) = T(x)x  + xT(x), for all x  ∈  R  then T is a left and a
right centralizer. Let X  be a real or complex Banach space
and let L(X) and F(X) denote the algebra of all bounded
linear operators on X  and the ideal of all finite rank oper-
ators in L(X), respectively. An algebra A(X) ⊆  L(X) is
said to be standard in case F(X) ⊂  A(X). Let us point
out that any standard operator algebra is prime, which is
a consequence of the Hahn-Banach theorem. We denote
by X* the dual space of a real or complex Banach space
X and by I  the identity operator on X.
M. Bresˇar [8] has proved the following result.
Theorem  A..  Let  R  be  a  2-torsion  free  semiprime  ring
and let  D  : R  →  R  be  an  additive  mapping  satisfying  the
relation
D(xyx) =  D(x)yx  +  xD(y)x  +  xyD(x) (1)
for  all  pairs  x, y ∈  R.  In  this  case  D  is  a  derivation.
The relation (1) is known as a Jordan triple deriva-
tion. Motivated by Theorem A, Vukman, Kosi-Ulbl and
Eremita [9] proved the following result (see [10] for the
generalization).
Theorem B..  Let  R  be  a  2-torsion  free  semiprime  ring
and let  T : R  →  R  be  an  additive  mapping  satisfying  the
relationPlease cite this article in press as: N.u. Rehman, T. Bano. Identity r
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T  (xyx) =  T  (x)yx  −  xT  (y)x  +  xyT  (x) (2)
for  all  pairs  x, y ∈  R.  In  this  case  T  is  of  the  form
2T(x)=qx+xq  for  all  x  ∈  R  and  some  ﬁxed  q  ∈ QS(R). PRESS
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Since any symmetric generalized inner derivation
satisfies the functional equation (2), Theorem B.
characterizes symmetric generalized inner derivations
among all additive mappings on 2-torsion free semiprime
rings.
Further in 2007 Fosˇner and Vukman [11] proved the
result below (see [12] for generalization).
Theorem  C..  Let  R be  a  2-torsion  free  prime  ring  and
let T  : R  →  R  be  an  additive  mapping  satisfying  the  rela-
tion
T  (x3) =  T  (x)x2 −  xT  (x)x  +  x2T  (x) (3)
for  all  pairs  x, y  ∈  R.  In  this  case  T  is  of  the  form
4T(x) = qx  + xq  for  all  x ∈  R and  some  ﬁxed  q  ∈  QS(R).
The substitution y = xn−2 in the relation (2) gives
T  (xn) =  T  (x)xn−1 −  xT  (xn−2)x  +  xn−1T  (x).  (4)
It is our aim in this paper to prove the following result,
which is related to functional equation (4).
Theorem 1.  Let  X  be  a  real  or  complex  Banach  space,
let A(X) be  the  standard  operator  algebra  on  X.  Sup-
pose there  exists  a linear  mapping  T  : A(X) →  L(X)
satisfying the  relation
T  (An) =  T (A)An−1 −  AT  (An−2)A  −  An−1T  (A)
for  all  A  ∈ A(X) and  some  integer  n > 2.  In  this  case  T
satisﬁes following
(1) T(A) = 0 for  all  A  ∈ F(X),
(2) T(A) = BA  for  all  A  ∈ A(X) and  some  B  ∈  L(X).
For developing the proof of Theorem 1 we use methods
which are similar to those used in [13–15].
2.  Main  result
Proof  of  the  Theorem  1. We have the relation
T  (An) =  T (A)An−1 −  AT  (An−2)A
− An−1T  (A) for all A  ∈  A(X). (5)
Let us restrict our attention to F(X). Let A  be from F(X)
and P  ∈  F(X) be a projection with AP  = PA  = A. Then
from the relation (5) we obtain
T  (P) = T (P)P  −  PT  (P)P  −  PT  (P).  (6)elated to additive mappings on standard operator algebras, J.
.015
Right multiplication by P  in(6) gives
PT  (P)P  =  0.  (7)
 IN+ModelJ
ah Uni
U
T
L
P
P
n−1−iP
T  (A
R
o
f
∑
w
i
t
t
f
m⎡
⎢⎢⎢⎢⎢⎣
S
z
t
fARTICLETUSCI-233; No. of Pages 6
N.u. Rehman, T. Bano / Journal of Taib
sing (7) in (6) we get
 (P) =  T (P)P  −  PT  (P).  (8)
eft multiplication by P  in (8) gives
T  (P) =  0.  (9)
utting A  + P  for A  in the relation (5), we get
n∑
i=0
⎛
⎝n
i
⎞
⎠ T  (An−iPi) =  T  (A  +  P)
⎛
⎝ n−1∑
i=0
⎛
⎝n  −  1
i
⎞
⎠ (A
−
⎛
⎝ n−1∑
i=0
⎛
⎝n  −  1
i
⎞
⎠An−1−iPi
⎞
⎠
earranging the above relation and using (5) in sense
f collecting together terms involving equal number of
actors of P, leads to
n−1
i=1
fi(A,  P) =  0,
here fi(A, P) stands for the expression of terms involv-
ng i factors of P.
Replacing A  by A  + 2P, A  + 3P,.  . ., A  + (n  −  1)P  in
urn in the relation (5) and expressing the resulting sys-
em of n  −  1 homogeneous equations of the variables
i(A, P), i = 1, 2, .  . ., n  −  1, we see that the coefficient
atrix of the system is a Vandermonde matrix
1 1 .  .  . 1
2 22 .  .  . 2n−1
.
.
.
.
.
.
.
.
.
.
.
.
n −  1 (n  −  1)2 .  .  . (n  −  1)n−1
⎤
⎥⎥⎥⎥⎥⎦ .
ince the determinant of this matrix is different from
ero, it follows immediately that the system has only a
rivial solution. In particular
n−1(A, P) =
(
n
n − 1
)
T (A) −
(
n − 1
n − 1
)
T (A)P
−
(
n − 1
n − 2
)
T (P)A +
(
n − 2
n − 2
)
AT (P)PPlease cite this article in press as: N.u. Rehman, T. Bano. Identity r
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+
(
n − 2
n − 2
)
PT (P)A +
(
n − 2
n − 3
)
PT (A)P
+
(
n − 1
n − 1
)
PT (A) +
(
n − 1
n − 2
)
AT (P). PRESS
versity for Science xxx (2015) xxx–xxx 3
i)
⎞
⎠−  (A  +  P)
⎛
⎝ n−2∑
i=0
⎛
⎝n  −  2
i
⎞
⎠ T  (An−2−iPi)
⎞
⎠ (A  +  P)
 +  P).
The above relations reduces to
nT  (A) = T  (A)P  +  (n −  1)T  (P)A  −  AT  (P)P
− PT  (P)A  −  (n  −  2)PT  (A)P
− PT  (A) −  (n  −  1)AT  (P).
Using (7) in the above relation gives
nT  (A) =  T  (A)P  +  (n −  1)T  (P)A  −  (n  −  2)PT  (A)P
− PT  (A) −  (n  −  1)AT  (P) (10)
Left and right multiplication of the relation (10) by P
gives
PT  (A)P  =  0.  (11)
Using (11) in (10), we obtain
nT  (A) =  T  (A)P  +  (n −  1)T  (P)A  −  PT  (A)
− (n  −  1)AT  (P).  (12)
Left multiplication by A  in (9) gives AT(P) = 0. Using it
in (12) we get
nT  (A) =  T (A)P  +  (n  −  1)T  (P)A  −  PT  (A).  (13)
Multiplying the relation (13) by P  from left and using
the relation (11) we obtain
PT  (A) =  0.  (14)
Further using (14) in (13) we get
nT  (A) =  T (A)P  +  (n  −  1)T  (P)A.  (15)
Right multiplication of (15) by P  gives
T  (A)P  =  T  (P)A.  (16)
Using (16) in (15) we obtain
T  (A) =  T  (P)A.  (17)
From the above relation one can conclude that T  maps
F(X) into itself and that T  is linear. Now using the rela-
2 2elated to additive mappings on standard operator algebras, J.
.015
tion (17) we obtain T(A ) = T(P)A = (T(P)A)A  = T(A)A.
We have therefore proved that for any A  ∈  F(X) the
relation T(A2) = T(A)A  is fulfilled. In other words, T is a
left Jordan centralizer on F(X). Since F(X) is prime one
 IN+Model
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can conclude according to Proposition 1.4 in [5] that T
is a left centralizer. We intend to prove that there exists
an operator B  ∈  L(X), such that
T  (A) =  BA  (18)
holds for all A  ∈  F(X). In case X  is finite-dimensional
the relation (18) would follow from the relation (17)
since in this case P  can be chosen to be the identity oper-
ator on X. Suppose that X  is infinite-dimensional. For
any fixed x  ∈  X  and f ∈  X∗. we denote by x  ⊗  f  an oper-
ator from F(X) defined by (x  ⊗ f)y  = f(y)x, for all y  ∈ X.
For any A  ∈  L(X) we have A(x  ⊗  f) = ((Ax) ⊗  f). Let us
choose f and y such that f(y) = 1 and define Bx  = T(x  ⊗  f)y.
Obviously, B  is linear. Using the fact that T  is left cen-
tralizer on F(X) we obtain
(BA)x  =  B(Ax) =  T  ((Ax) ⊗  f  )y  =  T (A(x  ⊗  f  ))y
= T  (A)(x  ⊗  f  )y  =  T (A)x,
for all x ∈  X. We have therefore T(A) = BA  for any A  ∈
F(X). Now from the relation (5), we have
ABAn−1 +  An−1BA  =  0.
Note that F(X) is dense in L(X) under the strong operator
topology. It follows that B  = 0, which gives according to
(18) first statement of the theorem.
It remains to prove that the relation (18) holds
for all A  ∈  A(X). Let us introduce T1 : A(X) →
L(X) by T1(A) = BA  and consider T0 = T  −  T1. The
mapping T0 is obviously, additive and satisfies the
relation (5). Besides, T0 vanishes on F(X). Let A  ∈
A(X), let P  be an one-dimensional projection, and
S = A  + PAP  −  (AP  + PA). Since, obviously, S  −  A  ∈
F(X), we have T0(S) = T0(A). Besides, SP  = PS  = 0. We
have therefore the relation
T0(S)Sn−1 −  ST 0(Sn−2)S  −  Sn−1T0(S)
= T0(Sn) =  T0(Sn +  P) =  T0((S  +  P)n)
= T0(S)(S  +  P)n−1 −  (S  +  P)T0(Sn−2)(S  +  P)
−  (S  +  P)n−1T0(S)
= T0(S)Sn−1 +  T0(S)P  −  ST 0(Sn−2)S
− ST 0(Sn−2)P  −  PT 0(Sn−2)S  −  PT 0(Sn−2)P
− Sn−1T0(S) −  PT 0(S).
From the above relation it follows thatPlease cite this article in press as: N.u. Rehman, T. Bano. Identity r
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and since T0(S) = T0(A), we can write
T0(A)P  −  ST 0(An−2)P  −  PT 0(An−2)S
− PT 0(An−2)P  −  PT 0(A) =  0. (19)
Multiplying the above expression from both sides by P,
we obtain
PT 0(An−2)P  =  0.  (20)
For n = 3, the relation (20) gives PT0(A)P  = 0 . In case
n > 3 we have to prove PT0(A)P  = 0. Replacing A by A  + P
in (20) we get
P
(
n−2∑
i=0
(
n  −  2
i
)
T0(An−2−iPi)
)
P  =  0.
Rearranging the above relation and using (20) in sense
of collecting together terms involving equal number of
factors of P, leads to
n−3∑
i=1
fi(A,  P) =  0,
where fi(A, P) stands for the expression of terms involv-
ing i  + 2 factors of P, that is
fi(A,  P) =
(
n  −  2
i −  1
)
PT 0(An−1−iPi)P
Replacing A by A + 2P, A  + 3P,.  . ., A + (n  −  3)P  in turn
in the relation (20) and expressing the resulting system
of (n  −  3) homogeneous equations of the variables fi(A,
P), i = 1, 2, .  . ., (n  −  3), we see that the coefficient matrix
of the system is a Vandermonde matrix⎡
⎢⎢⎢⎢⎢⎣
1 1 .  . .  1
2 22 .  . .  2n−3
.
.
.
.
.
.
.
.
.
.
.
.
n −  3 (n  −  3)2 .  . .  (n  −  3)n−3
⎤
⎥⎥⎥⎥⎥⎦ .
Since the determinant of this matrix is different from
zero, it follows immediately that the system has only a
trivial solution. In particular
fn−2(A,  P) =
(
n  −  2
n  −  3
)
PT 0(A)P  =  0.
Which implies
PT 0(A)P  =  0.  (21)elated to additive mappings on standard operator algebras, J.
.015
Using (20) in (19), we obtain
T0(A)P  −  ST 0(An−2)P  −PT 0(An−2)S  − PT 0(A) =  0.
(22)
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eplacing A  by 2A  (in this case S becomes 2S) in above
xpression, we get
T0(A)P  −  2n−1ST 0(An−2)P  −  2n−1PT 0(An−2)S
− 2PT 0(A) =  0
hich together with the relation (22) implies that
0(A)P  −  PT 0(A) =  0.
ight multiplication of the above relation by P  gives
0(A)P  −  PT 0(A)P  =  0.
sing the relation (21) in the above expression
0(A)P  =  0.
ince P  is an arbitrary one-dimensional projection, it
ollows from the above relation that T0(A) = 0 for all A  ∈
(X). This completes the proof of the theorem.
e proceed with the following purely algebraic conjec-
ure.
onjecture 1.  Let  n  > 2 be  a  ﬁxed  integer  and  R
e a  semiprime  ring  with  suitable  torsion  restrictions.
uppose there  exists  an  additive  mapping  T  : R  →  R  sat-
sfying the  relation
 (xn) =  T  (x)xn−1 −  xT  (xn−2)x  −  xn−1T  (x)
or  all  x ∈  R.  Then  T(x) = 0 for  all  x ∈  R.
e conclude the article with the result below, which
roves the above conjecture in case a ring has the identity
lement.
heorem 2.  Let  n  > 2 be  a  ﬁxed  integer  and  R  be  a
 !-torsion  free  semiprime  ring  with  identity  element.
uppose there  exists  an  additive  mapping  T  : R  →  R  sat-
sfying the  relation
 (xn) =  T  (x)xn−1 −  xT  (xn−2)x  −  xn−1T  (x)
or  all  x ∈  R.  Then  T(x) = 0 for  all  x ∈  R.
roof. We have the relationPlease cite this article in press as: N.u. Rehman, T. Bano. Identity r
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 (xn) =  T  (x)xn−1 −  xT  (xn−2)x  −  xn−1T  (x).  (23)
et e  be the identity element. Replacing x  by e  in
he relation (23), we obtain 2T(e) = 0, which implies
(e) = 0 . Further let y be any element of the center Z(R).
utting x  + e in place of x  in the above relation, we
btain PRESS
versity for Science xxx (2015) xxx–xxx 5
n∑
i=0
(
n
i
)
T (xn−iei)
=  T  (x  +  e)(
n−1∑
i=0
(
n  −  1
i
)
(xn−1−iei))
− (x  +  e)(
n−2∑
i=0
(
n  −  2
i
)
T (xn−2−iei))(x  +  e)
− (
n−1∑
i=0
(
n  −  1
i
)
xn−1−iei)T  (x  +  e).
Using (23) in the above relation and rearranging, we
obtain
n−1∑
i=1
fi(x,  e) =  0,
where fi(x, e) stands for the expression of terms involving
i factors of e.
Replacing x  by x  + 2e, x  + 3e,.  .  ., x + (n  −  1)e  in turn
in the relation (23) and expressing the resulting system
of n −  1 homogeneous equations of the variables fi(x, e),
i = 1, 2, . . ., n  −  1, we see that the coefficient matrix of
the system is a Vandermonde matrix⎡
⎢⎢⎢⎢⎢⎣
1 1 .  . .  1
2 22 .  . .  2n−1
.
.
.
.
.
.
.
.
.
.
.
.
n −  1 (n  − 1)2 .  . .  (n  −  1)n−1
⎤
⎥⎥⎥⎥⎥⎦ .
Since the determinant of this matrix is different from
zero, it follows immediately that the system has only a
trivial solution. In particular
fn−1(x,  e) =
(
n
n  −  1
)
T (x) −
(
n  − 1
n  − 1
)
T (x)e
−
(
n  − 1
n  −  2
)
T (e)x  +
(
n  −  2
n −  2
)
xT (e)e
+
(
n  −  2
n  −  2
)
eT (e)x  +
(
n  −  2
n  −  3
)
eT (x)e
+
(
n  −  1
n  −  1
)
eT (x) +
(
n  −  1
n  − 2
)
xT (e).elated to additive mappings on standard operator algebras, J.
.015
The above relation reduces to
nT  (x) =  T  (x) +  (n −  1)T  (e)x  −  xT  (e) −  T  (e)x
− (n  −  2)T  (x) −  T (x) −  (n  −  1)xT  (e)
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Since T(e) = 0, the above relation reduces to
2(n  −  1)T  (x) =  0,
which implies T(x) = 0, for all x ∈  R.
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